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Observer-Based Wheelbase Preview Control of Active Vehicle
Suspensions
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Optimal observer-based wheelbase preview regulator problem is investigated for active

vehicle suspension systems. [t is shown that the problem reduces to the classical linear quadratic

Guaussian problem, whose solution is well defined, by augmenting dynamics of system and road

inputs. The resulting optimal controller is in the form of augmented state feedback controller

and this augmented state is estimated by Kalman-Bucy filter using dynamics of the augmented

system. Numerical examples of a half car model are given to verify the performance improve-

ment achievable with the proposed controller.

Key Words :

Nomenclature

A : Continuous-time system matrix
in state equation

a, (b) . Distance between center of mass
of main vehicle body and front
(rear) suspension

B . Continuous-time input distribu-
tion matrix in state equation

C : Continuous-time output matrix
in output equation

D . Continuous-time input distribu-
tion matrix in output equation

E : Continuous-time disturbance dis-
tribution matrix in state equation

F . Discrete-time equivalent of E

G . Discrete-time equivalent of A

H . Discrete-time equivalent of B

I : Moment of inertia of main vehi-
cle body

ke, (kr) : Stiffness connecting main vehicle

kras (krs)
L

body and front (rear) axle

> Front (rear) tire stiffness
. Continuous-time disturbance dis-

tribution matrix in output equa-
tion
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Wheelbase Preview, Observer, Active Suspnsion

M . Mass of main vehicle body

my, (m,)  Mass of front (rear) axle

v . Vehicle speed (m/sec)

207, (20r) . Front (rear) road displacement
(m)

w . Circular frequency (rad/sec)

1. Introduction

It is well-known that compromise between ride
comfort and handling performance has to be
made to design a passive suspension of a vehicle.
To overcome this problem, many researchers have
proposed to use active suspensions. Unlike pas-
sive systems that can only store or dissipate
energy at a constant rate, active suspensions can
continuously change the energy flow to or from
the system when required. Furthermore, charac-
teristics of active suspensions can adapt to instan-
taneous changes in driving conditions detected by
sensors. As a result, active suspensions can
improve both ride comfort and handling perfor-
mance to satisfactory levels.

It has been first proposed by Bender that perfor-
mance of active suspension can be further im-
proved if knowledge of the road surface in front
of the actively controlled axles, ;. ¢., preview
information is used in the control strategy.
(Bender, 1968) With preview information, we
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can, for example, prepare the vehicle for future
road inputs and pass through abrupt road obsta-
cles without severe impacts.

There are two possible ways to obtain preview
information. One is to use look-ahead sensors
and the other is to estimate road profiles from the
responses of the front wheels under an assump-
tion that road inputs at rear wheels are the same
as those at the front wheels except for time delays.
By using look-ahead sensors we can obtain pre-
view information both for front and rear suspen-
sions, while in the case of wheelbase preview we
have preview information only for the rear sus-
pension.

The performance of look-ahead preview is
generally better than that of wheelbase preview
since, for wheelbase preview, preview information
is only available to control of rear suspension.
However, wheelbase preview may be preferred to
look-ahead preview in spite of its performance
limitations in some cases. First, look-ahead sen-
sors might recognize a heap of leaves as a serious
obstacle, while a ditch filled with water might not
be detected at all. Second, additional implementa-
tion of preview sensors may produce a consider-
able cost increase. Finally, motion of the vehicle
may distort the signals of look-ahead sensors that
are attached to the vehicle bodies. To cope with
these disadvantages of look-ahead preview, sev-
eral researchers have been interested in the devel-
opment of wheelbase preview controls.

Louam et al applied LQR theory to derive the
optimal wheelbase preview controller of two
~dimensional vehicle suspension system under the
assumption that state and road information is
exactly known. By simulations, they showed that
performance improvement more than 25% can be
achieved up to 100 km/h. (Louam, 1988) Pil-
beam et al also derived the optimal wheelbase
preview controfler while considering actuator
dynamics so that the resulting controller can be
realized at low cost. (Pilbeam, 1993)

In two researches given above, they used the
assumption that state and preview information is
available. However, we cannot expect, for practi-
cal reasons, that we will have complete informa-
tion on the state variables in the vehicle suspen-

sion control. In the design of the controller, we
need to consider that only incomplete information
on them is available. We also need to consider
possibility that the measurement signals might be
contaminated by sensor noises. To realize wheel-
base preview control in the vehicle suspension, we
should consider the estimators that will estimate
state and preview information simultaneously
while minimizing the effect of sensor noises on the
estimation performance.

Huisman et al designed a controller and an
observer independently based on the different
road models without proving separation theorem.
Their simulations revealed that performance of
the controller and the observer would be unsatis-
factory. (Huisman, 1994) Yoshimura et al der-
ived the LQG-type controller by augmenting
dynamics of the system and the road inputs.
(Yoshimura, 1993)
inputs that act as system noises are correlated

In their formulation, road

with one another by time delays, which makes the
resulting controller different from the conven-
tional LQG controllers. They used a simplifying
assumption that is valid only when time delays
between road inputs are relatively small. There-
fore. the controller cannot be said an optimal one
in general cases.

In this manuscript, we will derive the optimal
wheelbase preview controller for vehicle suspen-
sion system with incomplete and noisy measure-
ments in order to investigate the possible perfor-
mance improvement with wheelbase preview. It
will be shown that design of the controller which
will be called stochastic optimal observer-based
wheelbase preview regulator problem reduces to
the conventional LQG problem if we consider
augmented system of the original system and
previewed road inputs. The resulting optimal
controller takes the form of augmented state feed-
back and the optimal estimator is given in the
form of Kalman-Bucy filter involving the aug-
mented states. Therefore, the separation theorem
of wheelbase preview regulator problem is indir-
etly proved.

The contents of the paper will be organized as
foltlows: In the next section, we will formulate
active suspension design of a half car into a
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discrete time, stochastic optimal, output feedback,
wheelbase preview regulator problem. In Sec. 3,
an augmented state vector is introduced to trans-
form the problem into well-known LQG problem
and then its optimal solution is derived. Numeri-
cal examples are given to verify performance of
the resulting suspension in Sec. 4. And finally in
Sec. 5, conclusions are drawn.

2. Problem Formulation

2.1 System model

Consider a half car model shown in Fig. |.We
assume that the rear tire travels over the same
path as the front tire except for a time delay;

hence where

Zor(/) :Z()_f(f_ Z')
Assuming that the characteristics of all passive
suspension elements are linear and that the pitch
motion, g, is small, the model can be described by
the following equations:

MZzZ.=frt 1+

I6=Ffw—fb

meE=—kr(2r—207) — f5

M2 r=— /€r2(2r — Zor) ‘*fr (])

where /, and f, denote an upward front and rear
suspension force, respectively, which are given by

fr=kalzr—ze—al) + b (3 — Gc—ab) +u,
fr=tkr(zr—2c+b0) +b:(Zr— Zc+bO) +ur
(2)
Relative displacements of the front and the rear
suspension and accelerations of the sprung mass
and the unsprung masses are assumed to be
measured by relative displacement sensors and
accelerometers under the noisy environments as
follows:

w=zctal—z,+e o=z~ bl -zt &

-+ By
k.mb,«,ll,(i) -;::,—l z k,,,b,,ll,(f) -1—1'4’ z,

Fig. 1 A half car model.

vi=0+e
Vo= 2+ &s (3

It is assumed that the measurement noises g,s (/=

V3= Zotes
Y=z, 18

1. .-, 6) are white noise processes.
When we introduce the following state, control
input, road input and measurement noise vectors,

x () =[x x2 0 x8]7

wult)=lus us)” (4)
wlt)=lw, wr”
E(f):[61 E2 &3 &4 &s 65][

where
=20+ af. Xe=2.— b0,
X3=— Zra X4— Zra
X5 == Zc+(10- Xo= Zc— b0,
X7+ Zf» ng:z'p

Z'Uf(l‘) :Zof([)-

(1) and (3) can be expressed in terms of vector

we () =w, (t—1),

forms as follows:

i =Ax+Bu+ Ew (5)

v=Cx+Du+Liw+e (6)
where A, B. E. . D and [, are given in
Appendix A. Road profile is often approximated
as a stationary stochastic process with the follow-
ing auto-spectral density function:

2

., o’ arv

Sroaa (@) ===« 5Ty 7
roaa (@) 7 W+ (@)’ 7

where ¢, and ¢ are constants depending on the
type of road profile. (Kwak, 1993) Based on this
function, the road input g (#) can be modeled as
a filtered white noise defined as follows:

w=Apww+ By (8)

where

A [l O" B (l 0
e P ar 0 Lv w— dr U 70 ]:I

Y=g (1) $ ()]
El¢(t)]=0,

. g0
covlg (0] =T (=207 |20,
N ! ; 1 0
Elg (0 ¢, (1)]=20% (1 - fﬂ)[o J
(9
Note that the relation between g, and w,, w, (#)
=w, (t—17) 1s now expressed by the correlation
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between ¢, and ¢,. We assume that the initial
condition x(0) and measurement noise (¢) sat-
isfy the following conditions:

E[x(0)]=x(0), cov[x(0)]= P (0) =0,
Ele()]=0, cov(e(t) =F (¢) >0,
El¢()e"(T)]=0 (10)

2.2 Performance index

The purpose of the active suspension is
assumed to reduce the required suspension work-
ing space and the maximum acceleration of the
sprung mass, without increasing the dynamic tire
force variation too severely. Finally, for practical
reasons, the magnitude of control force is limited.
These objectives can be achieved by finding the
optimal input that minimizes the following per-
formance index:

‘7 : }[K’l 0 }[2.4:‘ n \iXI X:i]7
g1 p Xe =X
1 {"‘( L Ll )
J-1E| [ dt
2 K)t X2 Xs Xq— Wr 0 06

S TN 4
an

where p, (1 <7<8) is a weighting constant deter-

mined by designers. By expressing the sprung
mass acceleration and the suspension deflection in
terms of state, control input and road input
vectors, the performance index can be written as
the following quadratic form:
7y
) f{xTle +2x "N+ u"Ru+2 x"Quaw

]:TZ’E ¢
+ Qe dt +x" (Ty) Six (Ty) +2v

(7[) Slg“’(T/) Szw( ]‘j
(12)

where

0,

1%

6]
o, %1 ) &

2.3 Discretization
With a sampling time 7T, discrete-time repre-

[NT 0]=0. R>0.

sentation of (5), (6) and (8) takes the following
form:

x(k+ 1) =Gx (k) + Hulk) +Fw(k) (13)

wlk+1)=Guw (k) + ¢ (k) (14)

y(&)=Cx (k) +Dulk)+Lw (k) +elk) (15)

where (G, H, F, G, and ¢’'(k) are discrete
equivalents of 4, B, E, A, and B,¢(¢), respec-
tively. Discrete equivalents of statistical condi-
tions in (9) and (10) are given as

E[x(0)]=x(0),

cov[¢ (k)] =¥ (k) =0
cov[x (0) = P(0) 20,
covle(k)]=E(k) >0 (16)

and in discrete-time domain the correlation
between front and rear disturbances is expressed
as
E[grU il B Y 1= Wik) 8 (k— k + N:)
(17

where N, = Finally, the performance index,

Ts
(12) can be transformed into the following dis-
crete equivalent by using the discretization
method given in (Franklin, 1990).

=G s smanlGin)

AT o enlCo)
2(2(8) )[%w Juto+ur i Rutn}]
(18)

where

0 Qxx qujl

N [Qm Quno
<[ aim]=0
[

Mx]

R MI M =0, R>0,

n=
Ts

3. Stochastic Optimai Observer-
Based Wheelbase Preview
Regulator Problem

Consider the following augmented state vector
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x (k)

xa(k) _ Wf(k:"'Nr)

(19)
wy (k)

Noting that w, (k) =w,{k— N.), its state equa-
tions can be written as

Xa(b+ 1) =Gaxo (k) + Haoue (B) + o () (20)

where
(G R0k
007 0
Ga= ,
I
o 0 0 . G,
(H 0
0 0
Ho=| i |, gulh) =
0 0
L0 (k)
F=[F, FJ, &=Lk &,
Go=| ¥ g} @

And (15) can be expressed in terms of the aug-
mented vector as,

V(&) =Caxa(k) +Du (k) +e(k) (22)
Ca:[c Lr 0. Lf], L:[Lj Lr] (23)

The initial condition, x,(0) and the system noise
vector, ¢, of the augmented system satisfy the
following conditions:

Elx.(®)]=[x ()7 0 0]7

PO) 0 - 0
covir@]=P@— 9 %150
600 .- 0
000 . 0
Cov[(/}a(k”:wa(k): >0
0 0
000 Ui (k)
24)
7 (k) 0

where Uf’(k):[ } The perfor-

0 (k)
mance index in (18) is expressed in terms of the
augmented state vector as

%27 (1) Se (1) xa (1) + 2 {xd (i) Qaxa
]':LE ' n=0
271 ()
F2x (D) Mo (5) +u7 () Ru (4) }

(25)
where
x 0 - Q
-
Qrr ’
Qo= symmetric . 0 =0,
Qrr
Sxx er 0 - Sxf
Srr 0 - Srf
Sa(n): 0 .- 0 ZO,
symrmetric :
Srr
M
M
M.= (U qu,(n):[Sxf(n) er(’l’l)]:()~
My
[ Srr(n) S[f(n)]
ww = =0
S (n) _Srf(n) Srr(%)

Qs erf}~
Qr O

M:[ﬁ] O MR- ME=0 (26)

Qo= Qs Qurl- ww:[

We note that by using the augmented state vector,
the stochastic optimal observer-based wheelbase
preview regulator problem reduces to a classical
LQG problem. It may be easily proved that the
separation theorem holds for the LQG problem
and that its solution is the combination of a
deterministic optimal state feedback control and a
stochastic optimal estimator. The optimal solu-
tion to the LQG problem is reproduced in the
following theorem. (Ast'dm, 1970)

Theorem 1.

The optimal solution of the LQG problem is
the same as the solution to the linear quadratic
regulator (LQR) problem except that in the con-
trol law the state x, (%) is replaced with its esti-
mate %,{%). The optimal input, 2*(£) (=0} is
given by

u* (k) =—Kc(k)Z.(k), (27)
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where K.(%) is the gain matrix for the optimal
regulator such as

1

Ko(k) = [ R+ HaPe(e+ 1>Ha}
(H PR+ 1D G+ M) (28)

and mairix P, (k) satisfies the discrete Riccati
equation

Pe(k) =Ga"Pe(k+ 1) Gat Qu— Go' Pl +1)
Ho[R+H, Pk +1) Ho) "HTP(k+1) G
(29)

with initial condition P.(x)=S,(») and,

P

C;a:(;a_Ha[{dMaT

Qo= Qu— MR M. (30)
%4 (k) is the conditional mean of x, (%) given y,
(7). 0<j</k; £.(k) can be obtained as the out-
put of the optimal estimator described as

Ralb+1) = Gakalk) + Hatt (k) + Ko (k) [y (k)
=3k 1. 3(k) = Cuka (k) + Dulk) (31)

The optimal estimator gain K, (%)

Ke(k) :GaPc(k) CkT[CaPc(k) CQT
+ER) ] (32)

is obtained from the discrete Riccati equation,

Po(k+1) = GaPelk) G + Walk) — GoPo (k)
ColC PR CTHER) T CaPelh) G
(33)
with initial condition P,(0) = P,(0).
The minimal performance index achievable
with the optimal control input (27) is given as

£4(0)TP-(0) £4(0) +UP.(0) P, (0)]
min ELJ} =] + Tl P+ 0]+ G R KID)
[HIP(+1) Hot R
(34)

We note that orders of resulting controller and
estimator are much larger than that of the original
system. Furthermore, their orders, n+ N,;+1,
change with a vehicle speed, which means that the
controller should be modified as the vehicle speed
changes. For implementation of the proposed
controller in real applications, methods of reduc-
ing its computational burden should be further
investigated, which is left for a future study.

4. Numerical Examples

In this section, the results of the previous sec-
tion are applied to the vehicle suspension system
described in Sec. 2. The parameter values used in
the simulation are given as

M =500kg, =910 kg + m®
m,=30kg m,r=40 kg
a=125m, b=1.45 m,

kr1=1000 N/m, b =10000 N/m,
Er2=100000 N/m,  ,,=100000 N/m,
b,=1000 N - sec/m, p,=1000 N « sec/m.(35)

They correspond to a compact sedan. (Hac, 1993)
We used the following values for the road model,
which represents characteristics of a paved road.
(Kwak, 1993)

ar=-045 1/m, ¢°=300x 10~%m? (36)

A vehicle is assumed to run straight ahead with a
constant speed and the sampling time, Ty is set to
0.01 sec, considering that all the modal fre-
quencies of the system is less than 10 Hz.

5 [l 150 200 253

Vehicle speed (m/sec)
Zooming \ (a)
0.500

0325
0300 w
0278 ]
[ i} k1 L) o
Vehicle speed (misec)
(b)
—m— . wheelbase previes,
— - — : Wheelbase preview with the perfect
estimation
—a— . look-ahead preview
—¥— ! non-preview

Fig. 2 Comparison of overall performances for a

given range of speeds.
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For the performance index defined in (11), we
used the following weightings:

01=17.938e—1, 02=1.236e+4-0,
p3=3.555¢+2, 04=0.274e+2,
os=1.191e+1, pe=1.270e+2,
07r=2.000e —8, ps=2.000e —8. 37

It corresponds to the controller whose main
objective is to improve the ride comfort. As for
measurement variables, we assume that heave and
pitch accelerations of the sprung mass, suspension
deflections and accelerations of the unsprung
masses are available. Covariance matrices of
measurement noises are selected as

E (¢) =diag(9.856e -8, 5.609¢—8, 4.440¢—4,
2.856e—4, 2.533e—1, 1.559¢—1), (38)

to make signal to noise ratios equal to 15dB.
Based on the parameters given above, a stochastic
optimal observer-based wheelbase preview regu-
lator was designed.

In Fig. 2, overall performances of wheelbase
preview, look-ahead preview and non-preview
control systems are compared for the speeds rang-
ing from 7.5 m/sec (=27 km/h) to 275 m/sec(=
990 km/h). The look-ahead preview control
system was assumed to measures the future road
inputs so that the front suspension can have the
preview information corresponding to wheelbase
preview distance, g+4+5. As a vehicle speed
changes in a given range, preview step decreases
from 367 to | and accordingly the amount of
preview information available for control dimin-
ishes. Optimal performance index of the preview
control system is expected to monotonically
increase with the speed. All the performance
indices in the figures are normalized by that of the
passive system. In Fig. 2(a), the performance of
wheelbase preview control system is better than
that of the non-preview control system but worse
than that of the look-ahead preview control sys-
tem. The differences in their performances result
from the differences in the preview information
that are available for control scheme. As expect-
ed. the differences decrease as the vehicle speed
goes high. In Fig. 2(b), Figure 2(a) is magnified
for the speed range of 7.5 m/sec(=27 km/h) ~50
m/sec (=180 km/h) which can be said to be a

normal operating range of automobiles. For 7.5
m/sec, the wheelbase preview and the look-ahead
preview system have the performance improve-
ment of 18%, 35%, respectively, over the passive
system, while they have improvement of 13%, 5.4%
for 50 m/sec, respectively. We can conclude that,
in this example, the look-ahead preview control
system has the performance two times better than
the wheelbase preview control system.

To investigate performance degradation by
estimation errors, performance of the wheelbase
preview control system is compared with that of
the wheelbase preview control system with the
perfect estimation. In Fig. 2(b), the performance
of the wheelbase preview control system deterio-
rates from that of the wheelbase preview system
with the perfect estimation. The performance
deterioration by estimation errors decreases as the
vehicle speed increases. It is due to the fact that
for measurement noises having the constant
covariance in (38), the S/N ratios of measure-
ments improve with increase of the vehicle speed.

In Fig. 2(a), we note that the performance
index of the preview control system does not
converge to that of the non-preview controller
even if the vehicle speed becomes very high. It can
be attributed to the fact that in addition to
absence of preview information, performance of
the non-preview control system is deteriorated by
the estimation errors that result from neglecting
the correlation between front and rear road
inputs. In Fig. 3(a) and (b). the control and
estimation performance indices of the wheelbase
preview and non-preview control systems are
shown, respectively. The control performance
index accounts for control performance when
estimation error is assumed to be zero and the
estimation performance index accounts for perfor-
mance deterioration by estimation errors. In Fig.
3(a), control performance indices of two control
systems become almost same when a vehicle speed
is high enough. But as for estimation performance
in Fig. 3(b), their difference does not decrease
with the speed but keeps a constant value. This
explains why preview control system shows better
performance than that of non-preview control
system even when vehicle speed becomes so high
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Fig. 4 Performance degradation caused by road

model errors.

that wheelbase preview information is not avail-
able.

Now, we examine how the wheelbase preview
control works when road model errors exist. In
Fig. 4 (b). auto spectral density functions of
several road models are shown. Among these
models, we selected three road models that repre-

sent characteristics of asphalt road, paved road
and rough road and we designed optimal wheel-
base preview control system based on the selected
models. The changes of performance indices of
these controllers with road model errors are
shown in Fig. 4 (a). Again, performance indices
of the wheelbase preview control system with
perfect estimation that are based on the same
models are also shown. From the figure, the
performances of the preview control systems are
more sensitive to road model errors than those of
the preview control systems with perfect estima-
tion. We can conclude that for implementation of
preview control in real applications, we need to
determine online on which road condition a
vehicle is running and tune the control parame-
ters accordingly.

5. Conclusions

In this paper, we derived the solution of the
stochastic optimal observer-based wheelbase pre-
view regulator problem. It has been proven that
the separation theorem holds and a controller and
an estimator can be designed without reference to
each other as in the classical linear quadratic
Gaussian problem. The resulting optimal control
input is in the form of feedback input involving
the augmented state that is estimated by Kalman
-Bucy filter. The optimal solution requires the
solution of Riccati equations whose dimensions
are much larger than the original system order at
each step and thus methods of reducing
computational burden remain as a future study.
By the numerical simulation of a half car model,
we showed that performance improvement of
wheelbase preview control system over the non
-preview system amounts to half of the perfor-
mance improvement possible with look-ahead
preview system. It was also shown that due to
estimation errors, the performance of wheelbase
preview control is sensitive to road model errors.
It was suggested that, for practical implementa-
tion of wheelbase preview control, the online
modeling of road profiles and the subsequent
online tuning of control parameter would be
necessary.
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A. Definition of A, B, C, D, E and L.
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